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Abstract 

We investigate the Wightman function, the vacuum expectation values of the field square 
and the energy-momentum tensor for a scalar field with general curvature coupling parameter 
in {D + l)-dimensional de Sitter spacetime with an arbitrary number of compactified spatial 
dimensions. Both cases of periodicity and antiperiodicity conditions along the compacti- 
fied dimensions are considered. Recurrence formulae are derived which express the vacuum 
expectation values for the dS spacetime of topology x (S^)'' in the form of the sum of 
the vacuum expectation values in the topology x (S^)"?"^ and the part induced by the 

compactness of the {p + l)th spatial dimension. The behavior of the topological parts is 
investigated in various asymptotic regions of the parameters. In the early stages of the cos- 
mological evolution the topological parts dominate the contribution in the expectation values 
due to the uncompactificd dS part. In this limit the behavior of the topological parts does 
not depend on the curvature coupling parameter and coincides with that for a conformally 
coupled massless field. At late stages of the cosmological expansion the expectation values 
are dominated by the part corresponding to uncompactified dS spacetime. The vanishing of 
the topological parts is monotonic or oscillatory in dependence of the mass and the curvature 
coupling parameter of the field. 



1 Introduction 



De Sitter (dS) spacetime is among the most popular backgrounds in gravitational physics. There 
are several reasons for this. First of all dS spacetime is the maximally symmetric solution of 
Einstein's equation with a positive cosmological constant. Due to the high symmetry numerous 
physical problems are exactly solvable on this background. A better understanding of physical 
effects in this background could serve as a handle to deal with more complicated geometries. De 
Sitter spacetime plays an important role in most inflationary models, where an approximately dS 
spacetime is employed to solve a number of problems in standard cosmology [1] . More recently 
astronomical observations of high redshift supernovae, galaxy clusters and cosmic microwave 
background [2] indicate that at the present epoch the universe is accelerating and can be well 
approximated by a world with a positive cosmological constant. If the universe would accelerate 
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indefinitely, the standard cosmology would lead to an asymptotic dS universe. In addition to the 
above, an interesting topic which has received increasing attention is related to string-theoretical 
models of dS spacetime and inflation. Recently a number of constructions of metastable dS vacua 
within the framework of string theory are discussed (see, for instance, O H] and references 
therein). 

There is no reason to believe that the version of dS spacetime which may emerge from string 
theory, will necessarily be the most familiar version with symmetry group 0(1,4) and there 
are many different topological spaces which can accept the dS metric locally. There are many 
reasons to expect that in string theory the most natural topology for the universe is that of a 
flat compact three-manifold [5]. In particular, in Ref. [i6j it was argued that from an inflationary 
point of view universes with compact spatial dimensions, under certain conditions, should be 
considered a rule rather than an exception. The models of a compact universe with nontrivial 
topology may play an important role by providing proper initial conditions for inflation (for the 
cosmological consequences of the nontrivial topology and observational bounds on the size of 
compactified dimensions see, for example, [?])■ The quantum creation of the universe having 
toroidal spatial topology is discussed in [8] and in references [9j within the framework of various 
supergravity theories. The compactification of spatial dimensions leads to the modification of the 
spectrum of vacuum fluctuations and, as a result, to Casimir-type contributions to the vacuum 
expectation values of physical observables (for the topological Casimir effect and its role in 
cosmology see [10^ [TT| [T2j and references therein) . The effect of the compactification of a single 
spatial dimension in dS spacetime (topology R^^^ x S^) on the properties of quantum vacuum 
for a scalar field with general curvature coupling parameter and with periodicity condition along 
the compactified dimension is investigated in Ref. |13] (for quantum effects in braneworld models 
with dS spaces see, for instance, [14]). 

In view of the above mentioned importance of toroidally compactified dS spacetimes, in 
the present paper we consider a general class of compactifications having the spatial topology 
R^ X (S^)"^, p + q = D . This geometry can be used to describe two types of models. For the 
first one p = 3, (7 ^ 1, and which corresponds to the universe with Kaluza-Klein type extra 
dimensions. As it will be shown in the present work, the presence of extra dimensions generates 
an additional gravitational source in the cosmological equations which is of barotropic type at 
late stages of the cosmological evolution. For the second model D = 2> and the results given below 
describe how the properties of the universe with dS geometry are changed by one-loop quantum 
effects induced by the compactness of spatial dimensions. In quantum field theory on curved 
backgrounds among the important quantities describing the local properties of a quantum field 
and quantum back-reaction effects are the expectation values of the field square and the energy- 
momentum tensor for a given quantum state. In particular, the vacuum expectation values of 
these quantities are of special interest. In order to evaluate these expectation values, we construct 
firstly the corresponding positive frequency Wightman function. Applying to the mode-sum the 
Abel-Plana summation formula, we present this function as the sum of the Wightman function 
for the topology R^^^^ x (S^)'^~^ plus an additional term induced by the compactness of the 
[p + l)th dimension. The latter is finite in the coincidence limit and can be directly used for 
the evaluation of the corresponding parts in the expectation values of the field square and the 
energy-momentum tensor. In this way the renormalization of these quantities is reduced to the 
renormalization of the corresponding quantities in uncompactified dS spacetime. Note that for 
a scalar field on the background of dS spacetime the renormalized vacuum expectation values of 
the field square and the energy- momentum tensor are investigated in Refs. [151 [TBI [T7] by using 
various regularization schemes (see also [18]). The corresponding effects upon phase transitions 
in an expanding universe are discussed in [191 HO] • 

The paper is organized as follows. In the next section we consider the positive frequency 



2 



Wightman function for dS spacetime of topology x (S^)''. In sections El and [3] we use the 
formula for the Wightman function for the evaluation of the vacuum expectation values of the 
field square and the energy-momentum tensor. The asymptotic behavior of these quantities is 
investigated in the early and late stages of the cosmological evolution. The case of a twisted 
scalar field with antiperiodic boundary conditions is considered in section [5l The main results 
of the paper are summarized in section [6l 

2 Wightman function in de Sitter spacetime with toroidally 
compactified dimensions 

We consider a free massive scalar field with curvature coupling parameter ^ on background of 
{D + l)-dimensional de Sitter spacetime (dS/j+i) generated by a positive cosmological constant 
A. The field equation has the form 

ViV + m^ + CR)ip = 0, (1) 



where R = 2{D + l)h./{D — 1) is the Ricci scalar for dS/j+i and is the curvature coupling 
parameter. The special cases ^ = and ^ = = [D — 1)/AD correspond to minimally and 
conformally coupled fields respectively. The importance of these special cases is related to that 
in the massless limit the corresponding fields mimic the behavior of gravitons and photons. 
We write the line element for dS^+i in planar (inflationary) coordinates most appropriate for 
cosmological applications: 

i=l 

where the parameter a is related to the cosmological constant by the formula 

Below, in addition to the synchronous time coordinate t we will also use the conformal time r 
in terms of which the line element takes conformally flat form: 

D 

ds'^ = (a/r)2[dT2 - ^{dz')% T = -ae"*/", -oo < r < 0. (4) 

i=l 

We assume that the spatial coordinates z\ I = p+1, . . . ,D , are compactified to of the length 
Li: ^ ^ L;, and for the other coordinates we have —oo < < +00, / = 1, . . . ,p. Hence, 
we consider the spatial topology R^ x (S^)'', where q = D — p. For p = 0, as a special case we 
obtain the toroidally compactified dS spacetime discussed in [5l[6l|8]. The Casimir densities for 
a scalar field with periodicity conditions in the case q = 1 were discussed previously in Ref. |13j . 

In the discussion below we will denote the position vectors along the uncompactified and 
compactified dimensions by Zp = (z^, . . . , z^) and Zq = {zP~^^, . . . , z^). For a scalar fleld with 
periodic boundary condition one has (no summation over /) 

ip{t,Zp,Zq + LlBl) = lf{t,Zp,Zq), (5) 

where I = p + 1, . . . , D and e/ is the unit vector along the direction of the coordinate zK In this 
paper we are interested in the effects of non-trivial topology on the vacuum expectation values 
(VEVs) of the fleld square and the energy-momentum tensor. These VEVs are obtained from the 
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corresponding positive frequency Wightman function Gpg{x,x') in the coincidence limit of the 
arguments. The Wightman function is also important in consideration of the response of particle 
detectors at a given state of motion (see, for instance, |18j). Expanding the field operator over 
the complete set {ipa{x), (x)} of positive and negative frequency solutions to the classical field 
equation, satisfying the periodicity conditions along the compactified dimensions, the positive 
frequency Wightman function is presented as the mode-sum: 

G+g{x,x') = {0\ip{xMx')\0) = Y,Mx)^Ux'), (6) 

(J 

where the collective index a specifies the solutions. 

Due to the symmetry of the problem under consideration the spatial dependence of the 
eigenfunctions ipa{x) can be taken in the standard plane- wave form, e*^'^. Substituting into 
the field equation, we obtain that the time dependent part of the eigenfunctions is a linear 
combination of the functions T^^'^Hu\\\i\T), I = 1,2, where Hj}\x) is the Hankel function and 

u = [1)2/4 - D{D + l)e - m^a^] ^''^ . (7) 

Different choices of the coefficients in this linear combination correspond to different choices of 
the vacuum state. We will consider de Sitter invariant Bunch-Davies vacuum [17] for which the 

coefficient for the part containing the function //i.^'*(|k|r) is zero. The corresponding eigenfunc- 
tions satisfying the periodicity conditions take the form 

^,{x) = ar/^/2^^i)(^^)gik,.zp+ik,.z,^ ^ ^ ae-*/°, (8) 

where we have decomposed the contributions from the uncompactified and compactified dimen- 
sions with the notations 



kp — {k\, . . . , kp), kg — [kp^i, . . . , kf)), k — ^^J^^'-\-'k^, 
ki = 27rni/Li, ni = 0,±l,±2,..., I =p+l,...,D. (9) 

Note that we have transformed the Hankel function to have the positive defined argument and 
instead of the conformal time r the variable rj is introduced which we will call the conformal time 
as well. The eigenfunctions are specified by the set a = (kp,np+i, . . . ,nD) and the coefficient 
Cfj is found from the standard orthonormalization condition 

jD™ /r7T„oo 



- i J d^'xVW^Ax) d ,<,(x) = 5^^,, (10) 

where the integration goes over the spatial hypersurface r = const, and 5^0-' is understood as 
the Kronecker delta for the discrete indices and as the Dirac delta-function for the continuous 
ones. By using the Wronskian relation for the Hankel functions one finds 

a^-DJ.{v-v'')T,/2 

- 2p+^i,p-^Lp+^...Ld' ^ ^ 

Having the complete set of eigenfunctions and using the mode-sum formula (0), for the 
positive frequency Wightman function we obtain the formula 



G+ (x x'\ - " ^'^'^ ^ ' ^ ' ' ' I dk e^^''-^^- 
^P,q(x, X ) - 2P+27rP-iLp+i ■■■Ld < " 



l-D 



(^^^f^D/2^i{u-u*)n/2 



e^^.-^-.Hi')^krj)[Hi'Hkv')r, (12) 
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with Azp = Zp — Zp, Azq = Zg — z^, and 



+00 



nq=— 00 n.p+i=— 00 ra£i=— 00 

As a next step, we apply to the series over np+i in (jl2p the Abel-Plana formula |101 [2T] 

f;' fin) = r dx m +^^dx ^^Zl^J_}:''\ (u) 



n=0 



where the prime means that the term n = should be halved. It can be seen that after 
the application of this formula the term in the expression of the Wightman function which 
corresponds to the first integral on the right of ()14p is the Wightman function for dS spacetime 
with the topology R^^^ x (S^)"^^^, which, in the notations given above, corresponds to the 
function G^^i ^_i{x,x'). As a result one finds 

Gp^q{x,x') = Gp_^_i^q_^{x,x') + Ap^iGp^g{x,x'). (15) 

The second term on the right of this formula is induced by the compactness of the z^~^^ - direction 
and is given by the expression 

+00 



Jo 



foo xcosh(^/2;2 + k2 + A;2^_^AzP+i) 

X / dx 



X [K^{7]x)I.Ar]'x) + I^{7]x)K^(r]'x)] , (16) 
where ng_i = (np+2, • • • , n^), Iu{x) and K^{x) are the Bessel modified functions and the notation 

D 

k^., = E C^^^i/Lif (17) 

l=p+2 

is introduced. In formula (fT6|) . Vq^i = • ■ ■ Lo is the volume of (q — l)-dimensional compact 
subspace. Note that the combination of the Bessel modified functions appearing in formula (jl6p 
can also be written in the form 

Ku{rix)I^i,{ri'x) + Iu{rix)Ki,{ri'x) = — sm{uTT)K,y{r]x)Ku{'n'x) 

vr 

+h{i]x)Ku{'r]' x) + Ky{'qx)Iy{7]' x), (18) 

which explicitly shows that this combination is symmetric under the replacement rj rj' . In 
formula (fTHjl the integration with respect to the angular part of kp can be done by using the 
formula 



J dkpe^i^^-^^-Fdkpl) = lifilXi l°^d\kp\ |kp|P/2F(|kp|)Jp/2_i(lkp||Az, 



I), (19) 



where J^{x) is the Bessel function. 



5 



After the recurring apphcation of formula p6|) . the Wightman function for dS spacetime 
with spatial topology x (S^)'' is presented in the form 

= G+ + AG+,(x,x'), (20) 

where G^g(j;,j;') = GJq(x,x') is the corresponding function for uncompactified dS spacetime 
and the part 

AG+,(x, x') = ^ Ad^i+iG+_i i{x, x'), (21) 
1=1 

is induced by the toroidal compactification of the g-dimensional subspace. Two-point function 
in the uncompactified dS spacetime is investigated in [151 [13 US [22l [23] (see also [18j) and is 
given by the formula 

= °"°^<"/^ + ->r'°/^ - "'.P^-.r (")■ 
where Pu{x) is the associated Legendre function of the first kind and 



u = -l + ^^^ — —. 23 

2r/r/' ^ ' 

An alternative form is obtained by using the relation between the the associated Legendre 
function and the hypergeometric function. 



3 Vacuum expectation values of the field square 

We denote by (97^)^,5 the VEV of the field square in dS spacetime with spatial topology x 
(S^)''. Having the Wightman function we can evaluate this VEV taking the coincidence limit 
of the arguments. Of course, in this limit the two-point functions are divergent and some 
renormalization procedure is needed. The important point here is that the local geometry 
is not changed by the toroidal compactification and the divergences are the same as in the 
uncompactified dS spacetime. As in our procedure we have already extracted from the Wightman 
function the part G^g(x, x'), the renormalization of the VEVs is reduced to the renormalization 
of the uncompactified dS part which is already done in literature. The VEV of the field square 
is presented in the decomposed form 

<? 

{V^)p,q = {V>^)ds + {v'')c, {^^)c = ^d-i+i{v^^)d-i,i, (24) 

1=1 

where {f'^)dS is the VEV in uncompactified dSo+i and the part (</?^)c is due to the compactness 
of the g-dimensional subspace. Here the term Ap_|-i((/?^)p^g is defined by the relation similar to 
(USD: 

(V^)p,g = (V^)p+l,g-l + \+l{^'^)p,q- (25) 

This term is the part in the VEV induced by the compactness of the zP~^^ - direction. This part 
is directly obtained from ()16p in the coincidence limit of the arguments: 

r, l-D D +^ roo 

p+L\^ /p,q 2P7rP/2+ir(p/2)y,_i ^ _^_^7o ' ^" ^' 

xK^{xri) [I^ujxri) + lujxr})] ^^^^ 

/x2 + k2 + A;2 - 1) 
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Instead of |kp| introducing a new integration variable y = y a;^ + k| + A;^^_^ and expanding 
[e^y — the integral over y is explicitly evaluated and one finds 



^ y ^ n=l ng_i=-oo " 

X ''tt^J;^^^'^ (27) 



where we use the notation 



f^{y) = y^K^iy). (28) 



By taking into account the relation between the conformal and synchronous time coordinates, 
we see that the VEV of the field square is a function of the combinations Li/r] = Li^l°^ ja. In 
the limit when the length of the one of the compactified dimensions, say z', / ^ p + 2, is large, 
Li ^ oo, the main contribution into the sum over ni in ()27p comes from large values of ni and 
we can replace the summation by the integration in accordance with the formula 



1 +°° 1 r<xi 

- ^ f{27rni/Li) = - / dy f{y). 



(29) 



The integral over y is evaluated by using the formula from [24J and we can see that from ()27p 
the corresponding formula is obtained for the topology R^^^ x (S^)''^^^. 

For a conformally coupled massless scalar field one has u = 1/2 and [I_^(x) + Iu{x)] Ky{x) = 
In this case the corresponding integral in formula (j27p is explicitly evaluated and we find 

. / 2\ 2(7?/a)^-^ ^ ^ /p/2(nLp+ifcn^_J 

^ ' ^ n=ln„_i=— oo ^ I ' 



In particular, the topological part is always positive. Formula (j30[) could also be obtained 
from the corresponding result in [D + l)-dimensional Minkowski spacetime with spatial topol- 
ogy X (S"'^)'', taking into account that two problems are conformally related: IS.pj^i{Lp'^)p^q = 
a"^~^(?7)Ap+i((/?^)p'^\ where a{r]) = a/r] is the scale factor. This relation is valid for any confor- 
mally flat bulk. The similar formula takes place for the total topological part {(p'^)c- Note that, in 
this case the expressions for Ap+i(</?^)p^g are obtained from the formulae for Ap+i((^^)p^^ replac- 
ing the lengths Li of the compactified dimensions by the comoving lengths aLi/r], I = p, . . . , D. 

Now we turn to the investigation of the topological part Ap^i{(p'^)p^q in the VEV of the field 
square in the asymptotic regions of the ratio Lp^i/ij. For small values of this ratio, Lp^i/rj <C 1, 
we introduce a new integration variable y = Lp+ix. By taking into account that for large values 
X one has [I-^{x) + luix)] Ky{x) ?a we find that to the leading order Ap+i((/5^)p ,j coincides 
with the corresponding result for a conformally coupled massless field, given by (j30p : 



^P+i{v%,, « (^?/a)^-iAp+i(^2^(^)^ j^^^^i^ ^ ^ (31) 

For fixed value of the ratio Lp+i/a, this limit corresponds to t — > — oo and the topological 
part {(p'^)c behaves like exp[— (Z) — l)t/a\. By taking into account that the part {(p'^)ds is time 
independent, from here we conclude that in the early stages of the cosmological expansion the 
topological part dominates in the VEV of the field square. 

For small values of the ratio rj/Lp^i, we introduce a new integration variable y = Lp^ix 
and expand the integrand by using the formulae for the Bessel modified functions for small 
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arguments. For real values of the parameter v, after the integration over y by using the formula 
from [2l], to the leading order we find 



vr(P+3)/2v 2. (r ^„)p+l-2. , « 1- (32) 

y n=l nq_i=— oo ■-. y ' i 

In the case of a conformally coupled massless scalar field = 1/2 and this formula reduces to 
the exact result given by Eq. (j30p . For fixed values of Lp+i/a, the limit under consideration 
corresponds to late stages of the cosmological evolution, t +oo, and the topological part ((/J^)c 
is suppressed by the factor exp[— (L) — 2z/)t/a]. Hence, in this limit the total VEV is dominated 
by the uncompactified dS part ((/3^)ds- Note that formula (32) also describes the asymptotic 
behavior of the topological part in the strong curvature regime corresponding to small values of 
the parameter a. 

In the same limit, for pure imaginary values of the parameter z/ in a similar way we find the 
following asymptotic behavior 



oo +00 



(2vr)(P+3)/2y ^ (nLp+i)f+i 
xRe[2^l'^lr(iIz.I)(nLp+i/r?)2*IH/(p+i)/2-.iH(nLp+iA:„,_j] . (33) 
Defining the phase (po by the relation 

oo +00 

B^ic^o = 2'klr(^|z.|) E n2i|'^l-P-i/(p+i)/2-.|H(nip+ifcn,_J, (34) 

n=l ng_i=— oo 

we write this formula in terms of the synchronous time: 

406"-^*/° B 

Ap+i(v3 ~ 77—7— ^TTT-^^+TTT — cos[2|i/|i/a + 2|z^| ln(Lp+i/a) + </.o]. (35) 

Hence, in the case under consideration at late stages of the cosmological evolution the topological 
part is suppressed by the factor exp{—Dt/a) and the damping of the corresponding VEV has 
an oscillatory nature. 



4 Vacuum energy-momentum tensor 

In this section we investigate the VEV for the energy- momentum tensor of a scalar field in dS^j+i 
with toroidally compactified (7-dimensional subspace. In addition to describing the physical 
structure of the quantum field at a given point, this quantity acts as the source of gravity in the 
semiclassical Einstein equations. It therefore plays an important role in modelling self-consistent 
dynamics involving the gravitational field. Having the Wightman function and the VEV of the 
field square we can evaluate the vacuum energy-momentum tensor by using the formula 

{Tik)p,g = lim did'f,G:}; {x,x') + 

where Rik = Dgik/a^ is the Ricci tensor for dS/j+i- Note that in (j36p we have used the expression 
for the classical energy-momentum tensor which differs from the standard one by the term which 



(36) 
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vanishes on the solutions of the field equation (see, for instance, Ref. j25]). As in the case of 
the field square, the VEV of the energy-momentum tensor is presented in the form 

{T^i)v:q = {T!')p+i,q-i + \+i{Tt)p,q- (37) 

Here {T^)p+i^q-i is the part corresponding to dS spacetime with p + l uncompactified and q — I 
toroidally compactified dimensions and /S.pj^i{Tf)p^q is induced by the compactness along the 
^P+i - direction. The recurring application of formula (I37p allows us to write the VEV in the 
form 

{T^U = (TtUs + {Tt)c, {The = E ^D-i+i{ThD-i,i, (38) 



1=1 



where the part corresponding to uncompactified dS spacetime, (Tj )ds, is explicitly decomposed. 
The part {T^c is induced by the comactness of the g-dimensional subspace. 

The second term on the right of formula (j37p is obtained substituting the corresponding 
parts in the Wightman function, Eq. p6|) . and in the field square, Eq. ([27|) . into formula ([36l) . 
After the lengthy calculations for the energy density one finds 

^ ' -< n=ln„_i=— co^ 



X 



(nLp+i)P- 

with the notation 



if{p-i)/2inLp+iJx'^ + kl^_^), (39) 



FW(y) = y'[iLAy)+iUy)]Kiy) + m/^-my[{i-Ay) + iu{y))K,{y)]' 

+ [/_,(y) + I,{y)] K,{y) [u^ + 2m^a^ - y^) , (40) 

and the function f^{y) is defined by formula (j28p . The vacuum stresses are presented in the 
form (no summation over i) 

D+2 °o /.oo 



(nLp+1 



/W(nLp+i^x2 + A:2^_J, (41) 



where we have introduced the notations 

fi'Hy) = /(p+i)/2(y), ^ = 
4'^'Hy) = -y^fip-i)/2{y)-pfip+i)/2iy), (42) 

/«(y) = {nLp+ikiff(^p_^y2{y),i = p + 2,...,D. 
In formula (j41l) (no summation over z, i = 1, . . . , D), 



A 

^p,q 



(27r)(P+3)/2yg, 



^ y-oo xFixri) I 

^ n=ln„_i=-oo-^U P+^' 



_J,(43) 
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with the notation 



F{y) = (4e - 1) y2 [lUv) + lUv)] Kiv) + [2p + 1)C - D/2] y{[I{y) + I,{y)] K,{y))' 

+ + h{y)] K,{y) [(4e - 1) {y^ + u^)] . (44) 

As it is seen from the obtained formulae, the topological parts in the VEVs are time-dependent 
and, hence, the local dS symmetry is broken by them. 

As an additional check of our calculations it can be seen that the topological terms satisfy 
the trace relation 

Ap+i(7;%,g = D{i - eD)V/V^Ap+i((^2^p,g + m2Ap+i(v92^p,,. (45) 

In particular, from here it follows that the topological part in the VEV of the energy-momentum 
tensor is traceless for a conformally coupled massless scalar field. The trace anomaly is con- 
tained in the uncompactified dS part only. We could expect this result, as the trace anomaly 
is determined by the local geometry and the local geometry is not changed by the toroidal 
compactification. 

For a conformally coupled massless scalar field u = 1/2 and, by using the formulae for 
Ij^il2{x) and Kii2{x), after the integration over x from formulae ([39]) . (|1T|) we find (no summation 
over i) 

A ,T^. _ 2(,/a)^+^ - ^ gg^(nL,^ifcn,.J 



with the notations 



5»(y) = (nLp+iA:,)2/p/2(y), ^=P + 2,...,A (47) 

9^^^'\y) = -{v + i)U/2+i{y)-y'U/2{y). 

As in the case of the filed square, this formula can be directly obtained by using the conformal 
relation between the problem under consideration and the corresponding problem in [D + 1)- 
dimensional Minkowski spacetime with the spatial topology x (S^)"?. Note that in this case 
the topological part in the energy density is always negative and is equal to the vacuum stresses 
along the uncompactified dimensions. In particular, for the case D = 3, p = (topology (S^)^) 
and for Li = L, i = 1,2,3, from formulae (j38p . (|46p for the topological part in the vacuum 
energy density we find {Tq)c = — 0.8375(a(r/)L)~^ (see, for example, Ref. [TO]). 

The general formulae for the topological part in the VEV of the energy density are simplified 
in the asymptotic regions of the parameters. For small values of the ratio Lp^i/ij we can see 
that to the leading order Ap^i{T^)p^q coincides with the corresponding result for a conformally 
coupled massless field (no summation over i): 

- -(2vr)./^-iV,A.^^L_ ^r.Lp,,)^.2 - V. « 1- (48) 

For fixed values of the ratio Lp+i/a, this formula describes the asymptotic behavior of the VEV 
at the early stages of the cosmological evolution corresponding to t ^ — oo. In this limit the 
topological part behaves as exp[—{D + l)t/a] and, hence, it dominates the part corresponding 
to the uncompactified dS spacetime which is time independent. In particular, the total energy 
density is negative. 
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In the opposite limit of small values for the ratio rj/Lpj^i we introduce in the formulae for 
the VEV of the energy-momentum tensor an integration variable y = Lp+ix and expand the 
integrants over rj/Lp^i. For real values of the parameter u, for the energy density to the leading 
order we find 

' ^ ""' (2i)(>'+3)/2Lj;|F,_iaO+i > ' 



D-2V OO +00 f (rr^T U ^ 



' ' n.=lnq_i=— 00 



(49) 



In particular, this energy density is positive for a minimally coupled scalar field and for a 
conformally coupled massive scalar field. Note that for a conformally coupled massless scalar 
the coefficient in ()49p vanishes. For the vacuum stresses the second term on the right of formula 
(|4ip is suppressed with respect to the first term given by (03]) by the factor {rj/Lp+if for 
i = 1, . . . ,p + 1, and by the factor {r]ki)'^ for i = p + 2, . . . , D. As a result, to the leading order 
we have the relation (no summation over i) 

^P+i{T:)p,g ~ ^Ap+i(rO)p,g, v/Lp+1 « 1, (50) 

between the energy density and stresses, i = 1, . . . , D. The coefficient in this relation does not 
depend on p and, hence, it takes place for the total topological part of the VEV as well. Hence, 
in the limit under consideration the topological parts in the vacuum stresses are isotropic and 
correspond to the gravitational source with barotropic equation of state. Note that this limit 
corresponds to late times in terms of synchronous time coordinate t, (a/Lp_|_i)e~*/" -C 1, and the 
topological part in the VEV is suppressed by the factor exp[—{D — 2u)t/a]. For a conformally 
coupled massless scalar field the coefficient of the leading term vanishes and the topological parts 
are suppressed by the factor exp[— (D + \)t/a\. As the uncompactified dS part is constant, it 
dominates the topological part at the late stages of the cosmological evolution. 

For small values of the ratio rj/Lp^i and for purely imaginary v, in the way similar to that 
used for the case of the field square we can see that the energy density behaves like 

Ap+i(TO)p,, « f sm[2\u\t/a + 2\u\ ln(Lp+i/a) + c^o + 4>i], (51) 

{2TT)(P+-^)'^aL^_^^j^Vq-l 

where the coefficient Bo and the phase 0i are defined by the relation 

\i^\{l/2 -20 + i [D/i -{D + l)e] = Boe^'t". (52) 

In the same limit, the main contribution into the vacuum stresses comes from the term A in 
l3|) and one has (no summation over i) 



\+i{T:)p,g « I f cos[2li.It/a + 2|z.| ln(Lp+i/a) + ^0 + (t>i]. (53) 

(27r)iP+'^i/^aL;_^iVq_i 

As we see, in the limit under consideration to the leading order the vacuum stresses are isotropic. 

5 Twisted scalar field 

One of the characteristic features of field theory on backgrounds with non-trivial topology is the 
appearance of topologically inequivalent field configurations [26j. In this section we consider the 
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case of a twisted scalar field on background of dS spacetime with the spatial topology x (S^)' 
assuming that the field obeys the antiperiodicity condition (no summation over /) 

ip{t, Zp, Zq + Liei) = -ip{t, z.p, Zg), (54) 

where ei is the unit vector along the direction of the coordinate z\ I = p + 1, . . . ,D. The 
corresponding Wightman fucntion and the VEVs of the field square and the energy-momentum 
tensor can be found in the way similar to that for the field with periodicity conditions. The 
eigenfunctions have the form given by ([H), where now 

ki = 2TT{ni + l/2)/Li, ni = 0,±l,±2,..., l = p+l,...,D. (55) 



The positive frequency Wightman function is still given by formula (I12p . For the summation 
over Up^i we apply the Abel-Plana formula in the form [10\ [2T] 

E fin + 1/2) = r dx fix) -^^dx ^^'"^'J}''''^ (56) 



ra=0 



JO 



Similar to for the correction to the Wightman function due to the compactness of the 

{p + l)th spatial direction this leads to the result 



2ai-^(w')^/' 



Icd-Azi, gikq_i-Azq_i 



oo 



r-oo rEcosh(^/x2 + k2 + fc2_^_^AzP+i) 

X / dx ■ 







X [K^{rix)I^^{r]'x) + Iy{rix)K^{r]' x)] , (57) 
where now k^-i = (7r(2np+2 + l)/-^^p+2, • • • ,vr(2nD + 1)/L_d), and 

D 
l=p+2 

Taking the coincidence limit of the arguments, for the VEV of the field square we find 
^pM^\,, = (2^)(p+3)/2V^_^ E(-l)" E I dxxK^ixv) 



(2vr)(j'+3)/2y^_i 
I-u{xrj) + /[/(xry) 



n„_i = -cxD 



(nLp 



^yzi f{p-i)/2{nLp+i^ x^ + /c2^_^ 



(59) 



with the notations being the same as in (j27p . Note that in this formula we can put X]n^i=-oo ~ 
2''^^ X]n^i=0' -'-'^ particular, for the topology R^^^ x with a single compactified dimension 
of the length Ld = L, considered in [13], we have {ip'^)c = ^D{'fi'^)D-i,i with the topological 
part given by the formula 

A^l-D °o roc 

i^n/9_i (nLx/ri) 
X [/_,(x) + /.(x)] K,{x) l^2xli)^ill - (60) 
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In figure [T] we have plotted the topological part in the VEV of the field square in the case of 
a conformally coupled twisted massive scalar ((^ = ^d) for D = 3 dS spacetime with spatial 
topologies X (left panel) and (S^)^ (right panel) as a function of L/ry = Le*/"/a. In 
the second case we have taken the lengths for all compactified dimensions being the same: 
Li = L2 = = L. The numbers near the curves correspond to the values of the parameter 
ma. Note that we have presented conformally non-trivial examples and the graphs are plotted 
by using the general formula ()59p . For the case ma = 1 the parameter v is pure imaginary 
and in accordance with the asymptotic analysis given above the behavior of the field square is 
oscillatory for large values of the ratio L/rj. For the left panel in figured] the first zero is for 
L/r] ^ 8.35 and for the right panel L/r] ^ 9.57. 




1 2 3 4 5 1 2 3 4 5 



Figure 1: The topological part in the VEV of the field square in the case of a conformally coupled 
twisted massive scalar (^ = ^^j) for D = 3 dS spacetime with spatial topologies x (left 
panel) and (S^)^ (right panel) as a function oi L/rj = Le*/"/a. In the second case we have taken 
the lengths for all compactified dimensions being the same: Li = L2 = ^3 = L. The numbers 
near the curves correspond to the values of the parameter ma. 

In the case of a twisted scalar field the formulae for the VEV of the energy-momentum tensor 
are obtained from formulae for the untwisted field given in the previous section (formulae ()39p . 
()4ip ) with k"^^ -^ from (j58p and by making the replacement 

00 00 

n=l n=l 

and fcj = 2-7r(n,-l-l/2) /L,- in expression (|^2] ) for f^^^(^). i = p+2, . . . , D. In figure [2] the topological 
part in the VEV of the energy density is plotted versus L/rj for a a conformally coupled twisted 
massive scalar in = 3 dS spacetime with spatial topologies R^ x (left panel) and (S^)^ (right 
panel). In the latter case the lengths of compactified dimensions are the same. As in figurelH the 
numbers near the curves are the values of the parameter ma. For ma = 1 the behavior of the 
energy density for large values L/t] correspond to damping oscillations. In the case ma = 0.25 
(the parameter v is real) for the example on the left panel the topological part of the energy 
density vanishes for L/rj ~ 9.2, takes the minimum value {Tq)c ~ —3.1 • 10^^/a^ for L/i] ~ 12.9 
and then monotonically goes to zero. For the example on the right panel with ma = 0.25 the 
energy density vanishes for L/rj ~ 45, takes the minimum value (Tq)c ~ —1.1 • 10~^/a^ for 
L/rj ^ 64.4 and then monotonically goes to zero. For a conformally coupled massless scalar field 
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in the case of topology (S^)^ one has {Tq)^ = 0.1957(r//aL)^. Note that in the case of topology 
R'^"^ X for a conformally coupled massless scalar we have the formulae (no summation over 
I) 



{The 



1-2 



-L>(rO)„ e = Cd, m = 0, 



(62) 
(63) 



where / = 0, 1, . . . , D — 1, and Cr(2^) is the Riemann zeta function. The corresponding energy 
density is positive. 




2.5 



3 3.5 

LIT] 



4.5 



0.5 
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L/ri 



Figure 2: The same as in figure [T] for the topological part of the energy density. 



6 Conclusion 

In topologically non-trivial spaces the periodicity conditions imposed on possible field configura- 
tions change the spectrum of the vacuum fluctuations and lead to the Casimir-type contributions 
to the VEVs of physical observables. Motivated by the fact that dS spacetime naturally arise 
in a number of contexts, in the present paper we consider the quantum vacuum effects for a 
massive scalar field with general curvature coupling in {D + l)-dimensional dS spacetime having 
the spatial topology R^ x (S^)^. Both cases of the periodicity and antiperiodicity conditions 
along the compactified dimensions are discussed. As a first step for the investigation of vacuum 
densities we evaluate the positive frequency Wightman function. This function gives compre- 
hensive insight into vacuum fluctuations and determines the response of a particle detector of 
the Unruh-DeWitt type. Applying the Abel-Plana formula to the corresponding mode-sum, 
we have derived a recurrence relation which presents the Wightman function for the dS£)+i 
with topology R^ x (S^)*^ in the form of the sum of the Wightman function for the topology 
RP^^ X (S^)''^^ and the additional part Ap+iG+g induced by the compactness of the {p + l)th 
spatial dimension. The latter is given by formula (I16p for a scalar field with periodicity condi- 
tions and by formula (I57p for a twisted scalar field. The repeated application of formula (llSp 
allows us to present the Wightman function as the sum of the uncompactified dS and topological 
parts, formula (1211) . As the toroidal compactification does not change the local geometry, by 
this way the renormalization of the bilinear field products in the coincidence limit is reduced to 
that for uncompactifeid dS^+i- 
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Further, taking the coincidence hmit in the formulae for the Wightman function and its 
derivatives, we evaluate the VEVs of the field square and the energy-momentum tensor. For a 
scalar field with periodic conditions the corresponding topological parts are given by formula 
(p7|) for the field square and by formulae ([39]) and ([^T]) for the energy density and vacuum 
stresses respectively. The trace anomaly is contained in the uncompactified dS part only and 
the topological part satisfies the standard trace relation (|15]) . In particular, this part is traceless 
for a conformally coupled massless scalar. In this case the problem under consideration is 
conformally related to the corresponding problem in (D + l)-dimensional Minkowski spacetime 
with the spatial topology x (S^)*^ and the topological parts in the VEVs are related by the 
formulae {ip^)c = {r]/a)^-^ {(p^)f^'' and {T^)c = {r]/a)^"'^ {TI')^^\ Note that for a conformally 
coupled massless scalar the topological part in the energy density is always negative and is equal 
to the vacuum stresses along the uncompactified dimensions. 

For the general case of the curvature coupling, in the limit Lp+i/r] ^ 1 the leading terms 
in the asymptotic expansion of the VEVs coincide with the corresponding expressions for a 
conformally coupled massless field. In particular, this limit corresponds to the early stages of 
the cosmological expansion, t — oo, and the topological parts behave like e~^^~^^^^°' for the 
field square and like e~(^"'"^)*/" for the energy-momentum tensor. Taking into account that the 
uncompactified dS part is time independent, from here we conclude that in the early stages 
of the cosmological evolution the topological part dominates in the VEVs. In the opposite 
asymptotic limit corresponding to 7//Lp+i <C 1, the behavior of the topological parts depends 
on the value of the parameter v. For real values of this parameter the leading terms in the 
corresponding asymptotic expansions are given by formulae (j32p and (j49p for the field square 
and the energy-momentum tensor respectively. The corresponding vacuum stresses are isotropic 
and the topological part of the energy-momentum tensor corresponds to the gravitational source 
of the barotropic type with the equation of state parameter equal to —Iv/D. In the limit under 
consideration the topological part in the energy density is positive for a minimally coupled scalar 
field and for a conformally coupled massive scalar field. In particular, this limit corresponds to 
the late stages of the cosmological evolution, t — >■ +oo, and the topological parts of the VEVs are 
suppressed by the factor e~(^~^'^)*/" for both the field square and the energy- momentum tensor. 
For a conformally coupled massless field the coefficient of the leading term in the asymptotic 
expansion vanishes and the topological part is suppressed by the factor e"^^"*"^-**/". In the limit 
77/Lp+i <C 1 and for pure imaginary values of the parameter the asymptotic behavior of the 
topological parts in the VEVs of the field square and the energy-momentum tensor is described by 
formulae ()35p . (I5ip . (I53p . These formulae present the leading term in the asymptotic expansion 
of the topological parts at late stages of the cosmological evolution. In this limit the topological 
terms oscillate with the amplitude going to the zero as e~^*/° for t +00. The phases of the 
oscillations for the energy density and vacuum stresses are shifted by 7r/2. 

In section [5] we have considered the case of a scalar field with antiperiodicity conditions along 
the compactified directions. The Wightman fucntion and the VEVs of the field square and the 
energy-momentum tensor are evaluated in the way similar to that for the field with periodicity 
conditions. The corresponding formulae are obtained from the formulae for the untwisted field 
with k^^_^ defined by Eq. (|58p and by making the replacement ()6ip . In this case we have also 
presented the graphs of the topological parts in the VEVs of the field square and the energy- 
momentum tensor for dS4 with the spatial topologies x and (S^)^. 
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